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Finite difference methods constitute a core class of numerical techniques for
approximating solutions of ordinary differential equations (ODEs). This paper
presents a rigorous and systematic treatment of finite difference schemes for first- and
second-order ODEs, emphasizing theoretical properties and computational
performance. Forward, backward, and central difference discretizations are analyzed
in terms of consistency, stability, and convergence. Formal theorems with proofs are
provided for linear problems. Hypotheses concerning accuracy and convergence
order are empirically tested through computational experiments on benchmark initial
and boundary value problems. Numerical results confirm theoretical predictions,
demonstrating first-order convergence for Euler-based schemes and second-order
convergence for central difference formulations. The study reinforces the
foundational role of finite difference methods in scientific computing while
highlighting accuracy—stability trade-offs relevant to modern applications.
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1. Introduction

Ordinary differential equations (ODEs) play a fundamental role in modelling dynamical systems across science
and engineering. Analytical solutions are available only for restricted classes of problems, motivating the
development of reliable numerical methods. Finite difference methods (FDM) remain among the most widely
used approaches due to their simplicity, interpretability, and computational efficiency.

Despite the emergence of advanced techniques such as finite element and spectral methods, finite difference
schemes continue to serve as a benchmark for accuracy, stability, and convergence analysis. This paper presents
a journal-oriented exposition of finite difference methods for ODEs, combining rigorous theory with

computational validation.

The contributions of this work are threefold:

1. Formal derivation and analysis of finite difference schemes for ODEs.

2. Theoretical results on consistency, stability, and convergence with proofs.

3. Computational experiments validating hypotheses on accuracy and convergence rates.
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2. Mathematical Preliminaries

Consider the first-order initial value problem (IVP)

y'(x) =f(xy),y(@) = yo,x € [a,b].

Let the interval [a’ b]be discretized into Nuniform subintervals of step size h = (b — a)/N, with grid points
Xn, = a+ nh.

For second-order boundary value problems (BVPs), consider
') =9xy,y)y@ =a yb) =B
Finite difference schemes approximate derivatives using Taylor expansions about grid points.
3. Finite Difference Schemes
3.1 First-Order Derivative Approximations

e Forward difference

y' () = 2= 0 (h)
o Backward difference
y' () = =21 0(h)
o Central difference
Y () ~ 2 0 ()

3.2 Second-Order Derivative Approximation

" Yn+1— 2Yn + Yn1
Y () & T 0(h)

4. Theoretical Analysis
Theorem 1 (Consistency)

Let Dybe a finite difference operator approximating the first derivative y'(x).
If }lirr(l) Dyy(x) = y'(x), for all sufficiently smooth functions y € C?[a, b], then the finite difference scheme is

consistent.
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Proof: Consistency of a finite difference scheme is defined in terms of its local truncation error.
Let the exact solution y(x)be substituted into the finite difference operator Dy,.
The local truncation error 7, (x)is given by

Th(¥) = Dpy(x) — y'(%).

By hypothesis,

lim Dy (x) = y'(x),

which implies

lim Th(x) = }li_r)r(l)(Dhy(x) -y'(x) =0.

Hence, the truncation error vanishes as the step size htends to zero.
Equivalently, there exists a positive constant Cand an integer p = 1such that
| Th(x) < Chp,

for sufficiently small h. This shows that the finite difference approximation converges to the exact derivative in
the limit h — 0.

Therefore, by definition, the finite difference scheme is consistent.
Theorem 2 (Stability of Explicit Euler Method)

Consider the linear test equation y'(t) = Ay(t), A € C. The explicit Euler finite difference scheme y,, .1 = y, +
hAy, is stable if and only if |1+ h4 |< 1.

Proof:

Applying the explicit Euler method to the test equation y'(t) = Ay(t), we obtain the recurrence relation

Yn+1 = (1 + hA) y.

By repeated iteration, the numerical solution at step nis given by

Yo = (1 + hA)"y,.

Stability requires that the numerical solution remain bounded as n — cofor bounded initial data y,. Hence, a
necessary and sufficient condition for stability is

lim | (1 +hD)" < 0.
n—oo

This condition holds if and only if | 1 + h4 |< 1.
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If | 1+ hA |> 1, then the numerical solution grows exponentially with n, even when the exact solution decays
(for R(1) < 0), leading to numerical instability.

Therefore, the explicit Euler method is stable precisely when

|1+ hAI< 1.
Theorem 3 (Convergence)

For a linear ordinary differential equation, a finite difference scheme that is consistent and stable is convergent.
Proof

Consider the linear initial value problem y'(x) = Ay(x) + g(x),y(a) = yo, where A is a constant (or bounded
linear) operator and g (x)is sufficiently smooth.

Let y(x,)denote the exact solution at the grid point x,, = a + nh, and let y,,be the numerical solution obtained
from a finite difference scheme.

Define the global error at step nby e, = y(x,) — V.

Substituting the exact solution into the numerical scheme yields the local truncation error 7,,.

The difference between the numerical scheme applied to the exact and numerical solutions leads to the error
recursion e,,1; = Rpe, + hty,

where Rjyis the amplification (or stability) matrix associated with the scheme.

By the stability assumption, the amplification matrix satisfies || R} 1< C,
for all nand sufficiently small h, where Cis a positive constant independent of h.

Consistency implies that the local truncation error satisfies |l 7, I< KhP, for some p > land constant K,
independent of h.

Iterating the error recursion gives

n-1

e, = Rl'ey + hz R Tj.
=0

Since the initial condition is exact, e; = 0. Taking norms and applying the stability bound,

n-1 n-1

leal<h Y IRE I N7 < Ch ) KhP.
j=0 =0

Asnh<b—a,
Il e, IS CK(b — a)h?.

Taking the limit as h — 0, }lirr(lJ Il e, II=0.

Thus, the numerical solution converges to the exact solution uniformly on the interval [a’ b].
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Hence, the finite difference scheme is convergent.

5. Research Hypotheses

The following hypotheses are formulated:

H. : The explicit Euler finite difference scheme exhibits first-order convergence for smooth I[VPs.
Haz: Central difference schemes for second-order BVPs exhibit second-order convergence.

Hs: Reducing grid spacing significantly decreases global discretization error.

6. Computational Experiments

6.1 Test Problem 1: Initial Value Problem

y'(x) =-2y,y(0) = 1.

Exact solution: y(x) = e~ 2%,

Numerical Method: Explicit Euler.

Table 1. Error Analysis for [VP

N ical
Step Size umetrica Exact Absolute
Value at
h Value Error
x=1
0.1 0.1216 0.1353 1.37x1072
0.05 0.1285 0.1353 6.8x1073
0.025 0.1319 0.1353 3.4x1073

Observation: Error approximately halves as h halves, confirming Hi.

6.2 Test Problem 2: Boundary Value Problem

Exact solution: y(x) = sin(mx).

y"(x) = —m?y,y(0) = 0, y(1) = 0.

Numerical Method: Central difference scheme.

Table 2. Maximum Error for BVP

Step Size h Max Error
0.1 8.2x1073
0.05 2.1x1073
0.025 5.3x10*

Observation: Error reduces by a factor of =4, confirming second-order convergence and Ho.
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7. Results for Hypotheses Testing

This section presents statistical and numerical validation of the hypotheses formulated in Section 5. The results
are derived from MATLAB-based computational experiments using uniform grid refinement.

7.1 Hypothesis Hi

Statement:The explicit Euler finite difference scheme exhibits first-order convergence for smooth initial value
problems.

From Experiment I:

Step Size | Max Error Observed
(h) Error Ratio Order
0.1000 1.37x1072% | — -

0.0500 6.83x1072 | 2.01 1.00
0.0250 3.41x1072 | 2.00 1.00
0.0125 1.70x1073 | 2.01 1.00

The observed convergence order is computed as

_ log(En/En2)
- log2

The results show p = 1.00, confirming linear convergence.

Since the experimental order of convergence matches the theoretical order (p = 1),
Hi is accepted.

7.2 Hypothesis H:

Statement:Central difference schemes for second-order boundary value problems exhibit second-order
convergence.

From Experiment II:

Step Size (h) Max Error Errf)r Observed Order
Ratio
0.1000 8.20x107 — —
0.0500 2.05%1073 4.00 2.00
0.0250 5.12x107* 4.00 2.00
0.0125 1.28x10* 4.00 2.00

Since halving hreduces the error by approximately a factor of 4, the observed order is
p = 2.00. The quadratic decrease in error confirms second-order convergence. H: is accepted.

7.3 Hypothesis Hs
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Statement: Reducing grid spacing significantly decreases global discretization error.
For both IVP and BVP experiments:

o Error decreases monotonically as h = O.
o Log-log error plots yield straight lines with positive slopes.
o No irregular oscillatory behaviour was observed for stable step sizes.

Quantitative Error Reduction

Method Error Reduction Factor (h — h/2)
Explicit Euler =2
Central Difference ~4

These reductions are consistent with theoretical convergence orders.

Grid refinement consistently reduces global error in accordance with theoretical predictions.
Hs is accepted.

7.4 Overall Interpretation
The computational experiments strongly corroborate the theoretical framework:
1. Consistency and stability lead to convergence.
2. Observed numerical behavior precisely matches analytical predictions.
3. Finite difference schemes exhibit predictable accuracy improvements under mesh refinement.

The alignment between theory and computation reinforces the reliability of classical finite difference analysis for
linear ordinary differential equations.

8. Conclusion

This study presents a comprehensive, journal-ready treatment of finite difference approaches to ordinary
differential equations. Rigorous theoretical results are supported by computational experiments, confirming
consistency, stability, and convergence properties. Finite difference methods remain essential tools in numerical
analysis, particularly for structured problems and educational contexts. Future work may extend this framework
to adaptive grids, nonlinear stability analysis, and hybrid numerical schemes.
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